In this paper we prove that for two equivalent norms such that X becomes an STM and LLUM space the dominated best approximation problem have the same solution. We give some conditions such that under these conditions the Fréchet differentiability of the nearest point map is equivalent to the continuity of metric projection in the dominated best approximation problem. Also we prove that these conditions are equivalent to strong solvability of the dominated best approximation problem. We prove these results in an STM, reflexive STM and UM spaces. In continuation we give some weaker conditions in the problem of best approximation. We delete the dominated condition and examine these results for a closed solid subset in Banach lattice. We prove that for two equivalent norms such that X becomes an STM and LLUM space the best approximation problem have the same solution.
Introduction
The problem of best approximation in Banach lattices has been studied with many authors (see. [2, 9, 13] ). An interesting question in this field is: under what conditions on the set A does the point x 0 ∈ A nearest from point x in the spaces exist and this is unique? We recall that the mapping In this paper we want to extend the results of Fitzpatrick in [5] to dominated best approximation problem and we want to examine the relation between order continuity and Fréchet differentiability of nearest point map. Also we extended the obtain relations to more general best approximation problems in Banach lattices. We recall that main definitions and some lemmas that will be used in this context in second section. In section 3, we state some conditions such that guaranteed, existence and uniqueness of the dominated best approximation problem. Also we prove that for two equivalent norms such that X becomes an STM space and LLUM space (will be defined in next section) the dominated best approximation have the same solution. This note will be proved that the Fréchet differentiability of nearest point map is equivalent to continuity of projection map under some conditions. In fact these conditions are equivalent to strong solvability of the set A. We give some conditions such that proved if P A (x) is a singleton set then A is a singleton set.
In final we will discuss more general best approximation problems in Banach lattices by means of monotonicities. We prove that for two equivalent norms such that X becomes an STM and LLUM space the best approximation problem for solid subsets in X have the same solution.
Preliminaries and notations
Let X be a Banach lattice and A a sublattice in X. Suppose that x ∈ X such that x ≥ A (i.e., x ≥ y for each y ∈ A) we define P A (x) as 1.1, we always refer to such problems as to the dominated best approximation problem. The dominated best approximation problem is called solvable if P A (x) ̸ = / 0. The problem is said to be uniquely solvable if card(P A (x)) = 1, and is to be stable if for every minimizing sequence {x n } in A i.e., a sequence in A such that lim n→∞ ∥x − x n ∥ = d A (x), there holds d(x n , P A (x)) → 0 as n → ∞. Finally, the problem is said to be strongly solvable if it is uniquely solvable and stable. In this section, we recall some definitions and lemmas which we needs in main results.
Definition 2.1. [10] A Banach lattice X is said to be strictly monotone (X ∈ STM) if for all x, y ∈ X + , the conditions x ≥ y, y ̸ = 0 and ∥x∥ = ∥y∥ implies x = y.
Definition 2.2. [10]
A Banach lattice X is said to be uniformly monotone (X ∈ UM) if for all y n ≥ x n ≥ 0, such that lim n→∞ ∥x n ∥ = lim n→∞ ∥y n ∥, then ∥x n − y n ∥ → 0.
Definition 2.3. [9]
A Banach lattice X is said to be upper (lower) locally uniformly monotone, X ∈ ULUM, (X ∈ LLUM) if for each x, y n ∈ X, such that y n ≥ x ≥ 0 (y n ≤ x ≤ 0) and lim n→∞ ∥y n ∥ → ∥x∥, then ∥y n − x∥ → 0.
Definition 2.4. [2]
A Banach lattice X is said to be decreasing (increasing) uniformly monotone X ∈ DUM (X ∈ IUM) if for each y n , x n ∈ X + , such that y n ≥ x n ↓ (x n ≤ y n ↑) and lim n→∞ ∥x n ∥ = lim n→∞ ∥y n ∥, then ∥x n − y n ∥ → 0. Definition 2.5. [9] A Banach lattice X is said to be CWLLUM if for any nonnegative x ′ ∈ X ′ with ∥x ′ ∥ = 1 and any x ∈ X, with x ≥ 0, ∥x∥ = 1 and any sequence {x n } in X satisfying 0 ≤ x n ≤ x for all n the condition x ′ (x − x n ) → ∥x∥ implies ∥x n ∥ → 0. 3 Main section
Dominated best approximation problem in Banach lattices
In this section we prove that if (X, ∥.∥ 1 ) and(X, ∥.∥ 2 ) are two Banach lattices with the same order such that ∥.∥ 1 and ∥.∥ 2 are equivalent norms and (X, ∥.∥ 1 ) is an STM space and (X, ∥.∥ 2 ) is an LLUM space, then the problem of the dominated best approximation has the same solution in two spaces. We give some condition such that the Fréchet differentiability of nearest point map is equivalent to continuity of projection map. Proof. Suppose that x, y ∈ X such that x, y ≥ A and P A (x) = {x 0 }, P A (y) = {y 0 }. Since A is a sublattice so x 0 ∨ y 0 ∈ A, from Lemma 3.1,
Lemma 3.1. Let X be a Banach lattice, A a sublattice and let x
Corollary 3.1. Let X be an STM space with order continuous norm. If A is a sublattice in X, x ∈ X such that x ≥ A or x ≤ A, then the metric projection is in this form
Proof. It is a consequence of Lemma 2.9 and Theorem 3.1. Proof. Since (X, ∥.∥ 2 ) is order continuous and ∥.∥ 1 and ∥.∥ 2 are equivalent, from Lemma 3.2, (X, ∥.∥ 1 ) is order continuous. From Lemma 2.9, the dominated best approximation is uniquely solvable for two norms. Suppose that
Remark 3.1. If we assume that (X, ∥.∥ 1 ) is an STM space with order continuous norm, then Lemma 2.3 and Lemma 2.11 guaranteed the existence of ∥.∥ 2 , such that (X, ∥.∥ 2 ) is a LLUM space.

Theorem 3.4. Let X be a Banach lattice and A a closed bounded subset of X. If x ∈ X, x ≥ A, the following statements are equivalent: i) Any sequence {a
ii) The metric projection is uniquely defined on x ≥ A and for any vector x ≥ A, any minimizing sequences has a convergent subsequence.
iii) Dominated best approximation with respect to closed sublattices is strongly solvable.
Proof. (i) → (ii).
Suppose that there exists an x ≥ A, such that card(P A (x)) > 1. We assume that x 0 , y 0 ∈ P A (x), x 0 ̸ = y 0 and {a n }, {b n } are two minimizing sequences in A convergent to x 0 and y 0 respectively. We define c n = { a n , n is odd b n , n is even , then c n is not convergent that is a contradiction so card(P A (x)) = 1. Since every minimizing sequence is convergent the proof is complete.
(ii)→ (i). Suppose that P A (x) = {x 0 } and {x n } is a minimizing sequence. If the condition (i) is not true, then {x n } has a subsequent {x n j } such that ∥x 0 − x n j ∥ ≥ ε > 0, for any j ∈ N. Since lim j→∞ ∥x − x n j ∥ = d A (x), the sequence {x n j } has a limit point say x ′ 0 , we have x ′ 0 ∈ P A (x) and x 0 ̸ = x ′ 0 , that is a contradiction therefore (i) is true. (ii)→ (iii). By the assumption P A (x) = {x 0 }, suppose that {a n } is a minimizing sequence in A for x. From (ii), {a n } has a convergent subsequence to
. From the definition of strongly solvability card(P A (x)) = 1, put P A (x) = {x 0 }. Suppose that {a n } is a minimizing sequence in A for x. So d({a n }, x 0 ) = 0 so x 0 is a limit point of {a n }, thus there exists a subsequence {a n j } convergent to x 0 this complete the proof. 
iv) The dominated best approximation is strongly solvable.
Proof. Part (i). From Lemma 2.9, the dominated best approximation is uniquely solvable so card(P A (x 0 )) = 1. Part (ii). From (i) P A (x 0 ) = {a 0 }, suppose that {a n } is a minimizing sequence in A, lim n→∞ ∥x 0 − a n ∥ = ∥x 0 − a 0 ∥. a 0 is a limit point of {a n } and so there is a subsequence {a n k } such that a n k → a 0 from Lemma 2.4, there exists an equivalent norm ∥.∥ 1 such that X ′ and X ′′ are locally uniformly convex space and X ′ has Fréchet differentiable norm, from Theorem 3.3, a 0 is unique best approximation point in A from x 0 with ∥.∥ 1 . Since {a n } has a subsequence convergent to a 0 , {a n } is also a minimizing sequence with ∥.∥ 1 and hence lim n→∞ ∥x 0 − a n ∥ 1 = ∥x 0 − a 0 ∥ 1 . From Lemma 2.6, {a n } is converges with ∥.∥ 1 , so it is convergent with ∥.∥ and this complete the proof. Part (iii). From Lemma 2.6, P A is continuous so if
The dominated best approximation is strongly solvable. i) The dominated best approximation is strongly solvable,
Proof. i) The dominated best approximation is strongly solvable, 
On the other hand, d 0 = lim n→∞ d n and lim n→∞ d n = lim n→∞ ∥a n − x n ∥, and lim n→∞ ∥a n − x n ∥ ≤ ∥a 0 − x n ∥. by the equation 3.3 we have ∥a n − x n ∥ → ∥a 0 − x n ∥. From Remark 3.3, |a n − x n | ≤ |a 0 − x n | and therefore
by the UM property of X. Since A is convex, by remark 3.3, we have |a n − x n | ≤ | a n +a 0 2 − x n |, and as same as above we have
by the UM property of X. Hence by 3.4 and 3.5,
This complete the proof. Proof. From theorem 3.10, P i A (x) is a singleton set for i = 1, 2, so suppose that P i A (x) = {x i }. Since A is a solid subset of X there exists z ∈ A such that |x − z| ≤ |x − x 1 | ∧ |x − x 2 |, so ∥x − z∥ 1 ≤ ∥x − x 1 ∥ 1 and also ∥x − z∥ 2 ≤ ∥x − x 2 ∥ 2 . Therefore |x − z| = |x − x 1 | = |x − x 2 |, and hence ∥x − x 1 ∥ 1 = ∥x − x 2 ∥ 1 . On the other hand A is a convex subset of X, so
∈ A, and
Therefore |x − 
